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Abstract
We give the amplitude for γγ → pi+pi−pi0 in leading order chiral
perturbation theory. For the case of real photons we calculate the total
and differential cross section. Furthermore, we give the dependence of
the total cross section on the invariant mass of one of the photons.
Chiral perturbation theory (ChPT) [1, 2, 3] has proven to be an useful
method to describe reactions involving low-energy mesons. The method is
closely related to QCD, and therefore comparison of ChPT predictions with
experimental data provides an indirect test for QCD. Reactions that are
particularly useful for this purpose are inelastic two photon processes. These
type of reactions attracted a lot of experimental attention recently. In this
letter we calculate the cross section for the specific channel γγ → π+π−π0 in
leading order ChPT. In contrast to the γγ → π+π− channel this channel is
sensitive to the anomalous or odd intrinsic parity sector of QCD.
In the ChPT approach (we need to consider here the meson sector only),
one starts from the most general gauge invariant effective lagrangian in
terms of meson degrees of freedom, which reflects the approximate chiral
SU(3)L × SU(3)R symmetry of the QCD lagrangian. Based on this effective
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lagrangian a perturbation scheme is developed in which one expands in a
systematic way in the external momenta and the meson masses. The leading
terms in the expansion of an amplitude in these variables are given by the
tree-level diagrams with vertices from the leading order lagrangian. Loop
diagrams, and tree-level diagrams containing vertices from the next to lead-
ing order lagrangian, are suppressed by a power (p/Λχ)
2 where p denotes the
four momenta or mass of the mesons, and Λχ is the scale in the energy ex-
pansion, Λχ ≈ 1 GeV. At low energies, and since the meson masses are small
compared to Λχ, one needs to keep only the first terms in this expansion.
We will here only consider the amplitude in leading order, i.e. the tree-level.
The general ChPT lagrangian in the meson sector can be divided into an
even and an odd intrinsic parity part [4]. The first consists of interactions
among only an even number of mesons while the second consists of inter-
actions among only an odd number of mesons. The effective lagrangian of
ChPT in the odd intrinsic parity sector reads
Lodd = L(4)odd + L(6)odd + . . . , (1)
where the superscripts denote the momentum dimension. The leading term in
eq. (1), L(4)odd, is the well-known anomalous Wess-Zumino-Witten term [4, 5].
For our application it is sufficient to take
L(4)odd = −
iNce
48π2
ǫµναβAµTr
[
Q(∂νΣ∂αΣ
†∂βΣΣ
† − ∂νΣ†∂αΣ∂βΣ†Σ))
]
− iNce
2
24π2
ǫµναβ(∂µAν)AαTr
[
Q2∂βΣΣ
† +Q2Σ†∂βΣ
+
1
2
QΣQΣ†∂βΣΣ
† − 1
2
QΣ†QΣ∂βΣ
†Σ
]
. (2)
The meson fields are contained in the SU(3) matrix Σ given by
Σ = exp(2iπ/fpi), (3)
where
π =
1√
2


1√
2
π0 + 1√
6
η π+ K+
π− − 1√
2
π0 + 1√
6
η K0
K− K¯0 − 2√
6
η

 (4)
and fpi is the pion decay constant, fpi = 94 MeV. In eq. (2) Aµ is the
electromagnetic field and Q is the charge operator in flavor space given by
Q = diag(2/3,−1/3,−1/3). (5)
2
✠
✠
✠
✠
☛
☛
☛
☛
β
q2
 ✒
❅
❅
❅
❅π−
p−
❅❘
π0
p0
✲✡
✡
✡
✡
✟
✟
✟
✟α
q1
❅❘
 
 
 
 
p+
 ✒
⑦
π+
Figure 1: Kinematics of the γγ → π+π−π0 process
The second term in the lagrangian eq. (1), L(6)odd, is of higher order in the
momentum and mass expansion [6] and therefore omitted in this leading
order calculation.
The effective lagrangian in the even intrinsic parity sector of ChPT is, to
leading order, given by
L(2)even =
fpi
4
Tr(DµΣD
µΣ† + χΣ† + Σχ†), (6)
where the covariant derivative, Dµ, is defined by
DµΣ = ∂µΣ+ ieAµ(QΣ− ΣQ) (7)
and χ is the chiral symmetry breaking mass matrix,
χ = B diag(mu, md, ms). (8)
We now turn to the reaction γγ → π+π−π0 using the lagrangian eq. (2)
and eq. (6). In fig. 1 we define our notation for the external momenta, and
the Feynman diagrams contributing to the leading order amplitude are shown
in fig. 2. The pole diagrams (a) and (b) in fig. 2 consist of one vertex from
the odd intrinsic parity lagrangian L(4)odd and one from the normal intrinsic
parity lagrangian L(2)even, while diagram (c) consist only of one vertex from
L(4)odd. Since the ηπ+π−π0 coupling is an isospin breaking effect, diagram (b)
with an intermediate η propagator is suppressed.
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Figure 2: Leading order Feynman diagrams for γγ → π+π−π0.
Applying the standard Feynman rules and averaging over the polariza-
tions of the initial photons the amplitude squared reads
|M|2 = 1
4
ΓαβΓ
αβ , (9)
where
Γαβ =
ie2Nc
12π2f 3pi
[
ǫαβµνq1µq2ν
((p+ + p−)2 −m2pi
(q1 + q2)2 −m2pi
− 1
3
)
+ ǫαβµν
(4
3
q1µq2ν − (q1 − q2)µ(p+ + p−)ν
)
−
[
ǫαµνρ
( (2p+ − q2)β
q22 − 2p+ · q2
p−µ q1ν(p
+ − q2)ρ
+
(2p− − q2)β
q22 − 2p− · q2
p+µ q1ν(p
− − q2)ρ
)
+ (q1 ↔ q2, α↔ β)
]]
. (10)
This is in agreement with the early result by Adler et al [7] using a current
4
algebra approach1.
The differential cross section for γγ → π+π−π0 is for real photons given
by
dσ =
1
2Ecms
|M|2 d~p
+
2E+(2π)3
d~p 0
2E0(2π)3
d~p −
2E−(2π)3
(2π)4δ4(q1+q2−p+−p0−p+),
(12)
where the momenta are the same as in fig. 1, and Ecms is the total center
of mass energy of the two photons. The amplitude squared depends on five
kinematical variables for which we choose the invariants
s = (q1 + q2)
2; s1 = (p
+ + p0)2; s2 = (p
− + p0)2
t1 = (q1 − p+)2; t2 = (q2 − p−)2. (13)
The total cross section, σ, as a function of s = E2cms, is given in terms of
these invariants by
σ(s) =
π
32s2(2π)5
∫ |M|2√−∆4 dt1dt2ds1ds2, (14)
where ∆4 = ∆4(s, s1, s2, t1, t2) is given by the determinant
∆4 =
1
16
det


2s2 s2 − t1 s + s2 −m2pi s2
s2 − t1 0 s m2pi − t2
s+ s2 −m2pi s 2s s− s1 +m2pi
s2 m
2
pi − t2 s− s1 +m2pi 2m2pi

 . (15)
The range of the integration in eq. (14) is the physical region of the process,
which satisfies ∆4 ≤ 0 [8].
In fig. 3-a we show our prediction for the total cross section as a function
of the total center of mass energy Ecms =
√
s, where we varied Ecms from
threshold, Ecms = 3mpi up to Ecms = 0.7 GeV. Of course, at and above
this point contributions from resonances like the η and η′, and also loop dia-
grams are expected to be important. More essential features of the reaction
1To arrive at eq. (10) one must take for Fpi, F 3pi, and x in Ref. [7]
Fpi =
α
pifpi
; eF 3pi =
α
pif3
pi
; x = 0. (11)
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Figure 3: (a) Total and (b) differential cross section for different values of s
(units of GeV).
mechanism are contained in the differential cross sections. Fig. 2-b shows
dσ/ds1 as a function of the invariant mass of the final π
+π0 system,
√
s1, for
different values of s. The range of
√
s1 is determined by the available phase
space. Because of charge conjugation invariance the differential cross section
dσ/ds2 has the same form as dσ/ds1 and is therefore not shown here.
In a electron-positron collider, a measurement with two real photons re-
quires double tagging of the final electron and positron at 0◦ (for discussion
of experimental aspects of photon photon reactions see e.g. Ref. [9]). The
detection efficiency is increased by allowing for virtual photons, q2i 6= 0, as in
a single tagging or no tagging experimental situation. With virtual photons
eq. (14) for the total cross section becomes
σ(s) =
π
32λ(s, q21, q
2
2)(2π)
5
∫ |M|2√−∆4 dt1dt2ds1ds2, (16)
where ∆4 = ∆4(s, s1, s2, t1, t2, q
2
1, q
2
2) is given by the determinant
∆4 =
1
16
det


2s2 s2 − t1 + q22 s + s2 −m2pi s2
s2 − t1 + q22 2q22 s− q21 + q22 q22 +m2pi − t2
s+ s2 −m2pi s− q21 + q22 2s s− s1 +m2pi
s2 q
2
2 +m
2
pi − t2 s− s1 +m2pi 2m2pi


(17)
and
λ(s, q21, q
2
2) = (s− q21 − q22)− 4q21q22 . (18)
Here we will consider the situation of a single tagging experiment, i.e. only
one of the initial photons is real, q21 = 0, while the other is virtual, q
2
2 6= 0. The
dependence of the total cross section on the virtual photon mass Wq =
√
q22 ,
with q21 = 0, is shown in fig. 4. Again, the different curves correspond to
different values of s. We varied Wq from Wq = 0 up to the Wq = 2mpi, the
threshold for the production of two on-shell pions by the virtual photon. The
dependence of the total cross section on Wq is moderate, only a variation
6
Figure 4: q2 dependence of the total cross section for different values for s
(units of GeV)
of about 10 % over the whole range of Wq. It indicates that compared
to a double tagging situation the cross section in the experimentally more
favorable single tagging situation is not much smaller in the kinematical range
considered here.
The energy range for which the above calculation can be used depends
on the magnitude of next-to-leading order corrections. This calculation is
only valid in leading order in the (p/Λχ)
2 expansion. In next to leading
order ChPT not only chiral loops but also the free parameters from L(6)odd in
eq. (1) enter the description. To give an estimate of higher order effect it
is therefore necessary to determine these parameters, which usually cannot
be done in a model independent way. However, comparing with similar
two photon processes it has been shown that the width of π0 decay into
two photons is described very well by a leading order calculation [10, 11].
Since this process is sensitive to the same part of the ChPT lagrangian as
γγ → π+π−π0 we expect that also in the latter higher order correction are
small. For virtual photons corrections to π0 decay from O(p6) terms have
shown to be sizable [12], and we therefore expect that this goes through for
photon photon collisions involving virtual photons. A detailed study of the
importance of higher order effects is currently in progress.
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